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l/r 

Abstract. We introduce the stack M g [ n (V) of r-spin maps. These are stable 
maps into a variety V from n-pointed algebraic curves of genus g, with the 
additional data of an r-spin structure on the curve. 

We prove that .Vf ^,* (K) is a Deligne-Mumford stack, and we define analogs 
of the Gromov-Witten classes associated to these spaces. We show that these 
classes yield a cohomological field theory (CohFT) that is the tensor product 
of the CohFT associated to the usual Gromov-Witten invariants of V and the 
r-spin CohFT. When r = 2, our construction gives the usual Gromov-Witten 
invariants of V. 

Restricting to genus zero, we obtain the notion of an r-spin quantum coho- 
mology of V, whose Frobenius structure is isomorphic to the tensor product of 
the Frobenius manifolds corresponding to the quantum cohomology of V and 
the r-th Gelfand-Dickey hierarchy (or, equivalently, the A r _i singularity). 
We also prove a generalization of the descent property which, in particular, 
explains the appearance of the tp classes in the definition of gravitational de- 
scendants. Finally, we compute the small phase space potential function when 
r = 3 and V = P 1 . 



0. Introduction 

In this paper, we present a generalization of the theory of quantum cohomol- 
ogy and Gromov-Witten invariants arising from algebraic curves with higher spin 
structures. Recall that ordinary Gromov-Witten invariants of a projective variety 
V are constructed by means of the moduli spaces M g ,n(V) of stable maps to V. 
The space A4 g . n (V) is a Deligne-Mumford stack compactifying the space of holo- 
morphic maps to V from Riemann surfaces of genus g with n marked points. In 
particular, the moduli space of stable maps to a point coincides with the moduli of 
stable curves Ai g , n - 

Although the space A4 g , n (V) is not generally smooth, it does possess a homology 
class [.M g ,n(V)] vlrt (called the virtual fundamental class) which plays the role of 
the fundamental class in intersection theory. Furthermore, the evaluation maps 
■M-g,n{y) — * V obtained by evaluating the map on each marked point on the curve 
allow one to pull back cohomology classes from V. Together, these classes give rise 
to the collection A v = { A^ n } of Gromov-Witten classes 

A£ n G H'(M g , n ) ® T n H'(Vy, 

which behave nicely when restricted to the boundary strata of M. g ,n- This al- 
lows one to define a collection of multilinear operations on the space H'(V), 
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parametrized by elements of H t (jV[ gn ). These operations satisfy the axioms of 
a cohomological field theory (CohFT) in the sense of Kontsevich-Manin [Q. In 
particular, their restriction to stable maps of genus zero endows H'(V) with the 
structure of a (formal) Frobenius manifold j7[ ||, H], called the quantum coho- 
mology of V, whose multiplication is a deformation of the usual cup product in 
H'(V). _ _ _ 

The diagonal map M. g _ n — > M. g n x M. g . n induces a natural tensor product 
operation on the set of CohFTs. Behrend ji| proved that the tensor product of the 
CohFTs defined by the Gromov-Witten classes of two smooth projective varieties V 
and V is isomorphic to the CohFT defined by the classes A v x v . This is nontrivial 
because M. g ^ n iy x V) is not isomorphic to the fiber product A4 g . n (V) x-^ 

■M.g, n (V). Restricting to genus zero, we can regard this result as a Kunneth formula 
for quantum cohomology. 

In we introduced a new class of CohFTs, one for each integer r > 2, based on 
the moduli space .M* ^ = ]^[-^g^ m 01 higher spin curves, constructed in JlO| | . 

m 

Recall that for m = (mi, . . . , m n ), with m t G Z, the moduli space M.^^'" 1 is a 
compactification of the space of Riemann surfaces of genus g with n marked points 
Pi, ... ,p n and an r-th root of the twisted canonical line bundle u> ® 0(— J2i m iPi)- 
We proved in that the existence of a special cohomology class c 1 ^ (called the 

spin virtual class) in H'(A4 g n ), satisfying certain axioms similar to the Behrend- 
Manin axioms || for the virtual fundamental class, gives rise to a CohFT of rank 
r - 1. 

This r-spin CohFT is related to the work of Witten ^6|, who conjectured that its 
large phase space potential (the generating function of certain intersection numbers 

on A4 g ^' m ) is a r function of the r-th Gelfand-Dickey (or KdV r ) hierarchy. When 
r = 2, this conjecture reduces to an earlier conjecture of Witten's on the intersection 
numbers of Ai g , n , which was proved by Kontsevich |Q. In [ p~5| ] , following Witten's 
ideas, we constructed the spin virtual class and proved the conjecture in the cases 
g = (for all r) and r = 2 (for all g) . 

In this paper, we introduce and describe moduli spaces that give an intersection- 
theoretic realization of the tensor product of the Gromov-Witten CohFT and the 

r-spin CohFT. We construct A4 gn (V), the stack of stable r-spin maps into a 

projective variety V — objects which combine both the data of a stable map and 

i i T 

an r-spin structure. We prove that M gn {V) is a Deligne-Mumford stack and a 
ramified cover of Ai g . n (V). Similar to the case of ordinary stable maps, stable 
r-spin maps to a point are just stable r-spin curves. 

We introduce the class c 1 / r e H'(A4 g ^(V)), which is an analog of a virtual 

class c l / r on M^^. The class c 1 ^ is defined by pulling back c 1 / r from M^Jn when 
2<7 — 2 + n > and is defined by a direct construction for other values of g and n. 
Using the class c 1 / 1 * and the virtual fundamental class of Ai g . n (V), we define the 
r-spin analogs of the Gromov-Witten classes 

where H [V ' r) = H'(V)®H [r) and H [r) is the state space of the r-spin CohFT. The 
collection of classes A( y < r ) = { A^ r) } gives rise to a CohFT with the state space 
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Ti,( v > r \ which is isomorphic to the tensor product of the Gromov-Witten CohFT 



and the r-spin CohFT. This fact is not trivial because the space M. n (V) is not 



isomorphic to the fiber product M g ^ n {V) Xj^ M^Jn- 

Our result should be viewed as an analog of the relationship between stable 
maps to V x V and the tensor product of the CohFTs corresponding to each 
factor (see [18, [l9[ Q). Restricting to genus zero, we obtain the tensor product of 
the quantum cohomology of V with the Frobenius manifold associated to KdV r (or 
equivalently, to the A r -\ singularity). Tensor products of several spin CohFTs were 
studied in our earlier paper p6| . They correspond to the moduli spaces of curves 
with multiple spin structures. It would be very interesting to find an enumerative 
interpretation of the corresponding invariants similar to the interpretation of the 
ordinary Gromov-Witten invariants. 

Finally, it is worth observing that these results have a physical interpretation as 
well. Our spin Gromov-Witten invariants may be regarded as the correlators in a 
theory of topological gravity coupled to topological matter, where the matter sector 
of the theory is the topological sigma model with target space V coupled with a 
certain type of gauged SU(2) r - 2 /U(l) Wess-Zumino-Witten model. Our moduli 

spaces M. g n (V) provide an intersection-theoretic realization of this theory. 

The structure of the paper is as follows. In the first section, we recall some 

standard definitions and properties of stable maps and Gromov-Witten invariants. 

i if 

In the second section, we construct the moduli space M gn (V), establish some of 
its properties, and prove that it is a Deligne-Mumford stack. In the third section, 
we introduce decorated graphs associated with the various moduli spaces and the 
corresponding cohomology classes. In the fourth section, we define the spin virtual 
class c 1 ' r on M gn (V) and study its intersection-theoretic properties. In the fifth 

section, we define the analogs of the Gromov-Witten classes associated to M. g n (V) 
and show that the resulting CohFT is the tensor product of CohFTs associated 

to M. g n (V) and M^Jn- We then define the potential functions of the theory and 
prove that when r = 2, this theory reduces to the usual Gromov-Witten invariants 
of V . Furthermore, we prove that c 1 ^ satisfies the descent property in genus zero. 
In the final section, we compute the genus zero small phase space potential function 

associated to A^^P 1 ). 

Acknowledgments. Parts of the paper were written while T.K. was visiting the 
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1. Preliminaries 

In this section we recall the basic definitions related to stable maps and Gromov- 
Witten invariants. For details see j[8[ 

1.1. Prestable curves. 

By a curve, in this paper, we mean a reduced, complete, connected, one-dimensional 
scheme over C. By genus of a curve X, we mean its arithmetic genus g = 
dim_ff 1 (X, Ox)- An n-pointed, prestable curve is a curve X with n distinct marked 
points pi, . . . ,p n G X, such that X has at most ordinary double points (nodes) as 
singularities and p\, . . . ,p n are nonsingular. A prestable curve X is called stable 
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if, in addition, each irreducible component of X of genus has at least three dis- 
tinguished points, and each component of genus 1 has at least one distinguished 
point, where a distinguished point is either a node or a marked point. 

A family of prestable, n-pointed curves is a flat, proper morphism X — > T with 
n sections pi, . . . , p„ : T — > X, such that each geometric fiber (X t , pi(t), • • • , p n (t)) 
is an n-pointed prestable curve. 

By a line bundle we mean an invertible (locally free of rank one) coherent sheaf. 
The canonical sheaf of a family of curves / : X — > T is the relative dualizing sheaf 
of /. This sheaf will be denoted by ujx/T: ° r w /- When T = SpecC, we will write 
ujx or lu instead of uj x /t- Note that for a family of prestable curves, the canonical 
sheaf is a line bundle. 

A relatively torsion-free sheaf (or just torsion-free sheaf) on a family of prestable 
curves / : X —* T is a coherent Ox-module £ that is flat over T, such that on each 
fiber X t — X Specfc(t) the restriction £ t has no associated primes of height 
one. We will only be concerned with rank-one torsion-free sheaves. Such sheaves 
are sometimes called admissible or sheaves of pure dimension 1. On the open set 
where / is smooth, a torsion-free sheaf is locally free. 

1.2. Moduli of stable maps and virtual fundamental class. 

Let V be an algebraic variety over C. A stable map to V consists of an n- 
pointed, prestable curve (X,pi,... ,p n ) and a morphism / : X — > V, such that 
each irreducible component C of X mapped by / to a point is stable (i.e. C has at 
least three distinguished points if it is of genus zero and at least one distinguished 
point if it is of genus one). A family of stable maps to V is a family of prestable, 
n-pointed curves 7r : X — > T with a morphism / : X — > V , such that the restriction 
of / to each geometric fiber of n is stable. 

For (3 S H2(V,Z), we say that the stable map / : X — ► V has class (3 if the 
pushforward f*([X]) of the fundamental class of X is equal to p. We denote by 
•Mg, n {V, P) the stack of n-pointed stable maps of genus g to V of class P, and 
by Mg tn {V) the disjoint union Jj^ M g , n (V, P). If V is a projective variety, 

0EH 2 {V,Z) 

■M.g, n (V, p) is a Deligne-Mumford stack. When V is a point, A4g in (V) coincides 
with the moduli space of stable curves M. g , n - 

There are two important canonical morphisms on Ai g . n {V). The stabilization 
morphism 

(1) St : Mg, n {V) -> Mg, n 

forgets the map / and collapses the unstable components of the curve X. The 
evaluation morphism 

(2) e Vl : M g>n (V) V 

is obtained by evaluating the stable map / at the i-th marked point Pi. 
The space M. g , n (y) has a special Chow homology class 

(3) [M g , n (V)] virt 6 H<(M g , n (y),Q), 

called the virtual fundamental class, that satisfies various properties (axioms) for- 
mulated in |H . The class {Mg in (V)} viTt gives rise to the collection A v = { A^ n } 
of Gromov-Witten classes 

(4) Al n eH'(M g , n ) ® T n H%V)*. 
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We define 

A^(7i, ■•• ,ln) := st, (e<7i . . . e< 7n n [M g ,„(y, /3)] virt ) , 
where 7j G -ff*(V). 

2. Stable Spin Maps and Their Moduli 

For the remainder of the paper we fix an integer r > 2. In this section we 
introduce the moduli space of stable r-spin maps and prove that it is a Delignc- 
Mumford stack. 

2.1. Overview of r-spin structures. 

Although the concept of an r-spin structure is intuitively simple, its formal 
definition is somewhat technical. For that reason we first give a brief overview of 
the ideas involved. 

2.1.1. Spin structures on smooth curves. 

Definition 2.1. Given a collection of integers m = (mi, . . . , m n ), an r-spin struc- 
ture of type m on a smooth, n-pointed curve (X,pi, . . . ,p n ) is a line bundle £ on 
X with an isomorphism b : £® r — > lux {— ^2 m iPi)- 

In particular, an r-spin structure of type = (0, . . . , 0) on a smooth curve X is 
essentially just an r-th root of the canonical bundle lux- 

For degree reasons, an r-spin structure of type m exists on a genus g curve X 
only ii 2g — 2 — J2 m i is divisible by r. When this condition is met, there are r 2g 
choices of £ on X . 

Definition 2.2. A smooth r-spin curve of type m is a smooth curve X with an 
r-spin structure of type m. A smooth r-spin map of type m into a target V is 
a morphism of a smooth curve X into V with the additional data of an r-spin 
structure of type m on X. 

Example 2.3. A 2-spin structure of type on a smooth curve X corresponds to 
a choice of a theta characteristic £ on X and an explicit isomorphism £® 2 — * lux ■ 

Example 2.4. If E,po is a smooth elliptic curve, then lue is isomorphic to Oe- 
An r-spin structure on E of type corresponds to a choice of an r-torsion point 
q G E and an explicit isomorphism 

b:O(q-p f r -1^0 = ue 
from the r-th tensor power of the invertible sheaf 0(q — po) to the canonical sheaf 

0J E . 

2.1.2. Spin structures on nodal curves. If we want to compactify the spaces involved 
by considering stable maps and prestable curves, the above definition of an r-spin 
structure is insufficient. In particular, even when the degree condition is satisfied, 
there may be no line bundle £ on a prestable curve X such that C® r is isomorphic 

to LUx(-J2 m iPi)- 

The solution involves replacing line bundles by rank-one, torsion-free sheaves, 
allowing the isomorphism b : £® r — ► lux{— ^2 m iPi) ^° have non-trivial cokcrncl 
at the nodes of the curve, and requiring that b satisfy some additional technical 



restrictions (see Definitions 2.6 and 2.7). There are two very different types of 
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behavior of this torsion-free sheaf L near a node q € X. When it is still locally free, 
the sheaf C is said to be Ramond at the node q. If the sheaf £ is not locally free 
at q, it is called Neveu-Schwarz. 

In the Ramond case, the homomorphism b is still an isomorphism near the node 
q, but in the Neveu-Schwarz case it cannot be an isomorphism. The local structure 
of the sheaf C near a Neveu-Schwarz node can be described as follows. 

Near the node q, the curve X has two coordinates x and y, such that xy — O.The 
sheaf ujx (or uox{— X) m iPi)) 1S locally generated by ^ = Near q the sheaf 

£ is generated by two elements £+ and supported on the x and y branches 
respectively (that is, xl- = y£ + = 0). The two generators may be chosen so that 
the homomorphism b : C® r -» u) X {-Y, m iPi) takes e T to x m + +1 (^) = x m +dx 
and £® r to y m - +1 (^-) = y m -dy, where (m+ + 1) + (m_ + 1) = r. 

Definition 2.5. We call to + (respectively m_) the order of the spin structure along 
the x-branch (respectively y-branch). 

One more difficulty arises when r is not prime — in this case the moduli of sta- 
ble curves with r-spin structure, as described above, is not smooth. The remedy 
is to include all d-spin structures for every d dividing r, satisfying some natural 
compatibility conditions. This is described in Definition |2.7[ 

2.2. Definition of r-spin structures, curves, and maps. 

We briefly review here the formal definition of an r-spin structure over a fixed 
prestable curve, given in Jl(J, and we define stable r-spin maps. 

Definition 2.6. Let (X, pi, . . . ,p n ) be a prestable, n-pointed, algebraic curve; let 
JC be a rank-one, torsion-free sheaf on X; and let m = (mi, . . . , m n ) be an n-tuple 
of integers. A d-th root of JC of type m is a pair (£,b), where £ is a rank-one, 
torsion- free sheaf, and b is an Ox -module homomorphism 



with the following properties: 

• d ■ deg£ = deg/C — ^ mj. 

• b is an isomorphism on the locus of X where £ is locally free. 

• For every point pel where £ is not free, the length of the cokernel of b at 



The condition on the cokernel amounts essentially to the condition that at each 
node the sum of orders of (£, b) is equal to d — 2. 

If m' is congruent to m modulo d, then to any <i-th root (£ , b) of type m we can 
associate a <i-th root (£',b') of type m' simply by taking £' — £ <& C'(^X)( m « ~ 
m'^pi). Consequently, the moduli of curves with d-th roots of a bundle JC of type 
m is canonically isomorphic to the moduli of curves with d-th roots of type m'. 
Therefore, unless otherwise stated, we will always assume the type m of a d-th root 
satisfies < to,: < d for all i. 

Unfortunately, when d is not prime, the moduli space of curves with d-th roots 
of a fixed sheaf K. is not smooth. To fix this problem we must consider not just 
roots of a bundle, but rather coherent nets of roots JToj] . This additional structure 
suffices to make the moduli space of curves with a coherent net of roots smooth. 

Definition 2.7. Let JC be a rank-one, torsion-free sheaf on a prestable, n-pointed 
curve (X,pi, . . . ,p n )- A coherent net ofr-th roots of JC of type m = (mi, . . . ,to„) 




p is d — 1. 
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is a pair {{£d}, {cd,d'}) of a set of sheaves and a set of homomorphisms as follows: 
the set of sheaves consists of a rank-one, torsion-free sheaf £d on X for every 
positive divisor d of r; and the set of homomorphisms consists of an Ox-module 
homomorphism 

c ®d/d' n 
Cd,d> ■ t d ► td> 

for every pair of divisors d',d of r, such that d' divides d. These sheaves and 
homomorphisms must satisfy the following conditions: 

• Z\ — K and Cd,d = Id, the identity map, for every positive d dividing r. 

• For each divisor d of r and each divisor d' of d, the homomorphism Cd,d' makes 
{£d, Cd,d') into a d/d'-th root of £d> of type m', where m' = (m' l7 . . . , m' n ) is the 
reduction of m modulo d/d' (i.e. < to- < d/d' and rrn = m- (mod d/d')). 

• The homomorphisms {cd,d'} are compatible. That is, the diagram 




£d" 

commutes for every d"\d'\d\r. 

If r is prime, then a coherent net of r-th roots is simply an r-th root of IC. Even 
when d is not prime, if the root £4 is locally free, then for every divisor d' of d, the 
sheaf £d> is uniquely determined up to an automorphism of £d>- In particular, if 
m' satisfies the conditions m' = m (mod d') and < m ■ < d', then the sheaf £d> 
is isomorphic to £® d / d XX TO i — m 'i)Pi)- 

Definition 2.8. Let X,p\, . . . ,p n be an n-pointed, prestable curve of genus g. Let 
r > 1 be an integer and let m = (mi,m 2 , . . . , m n ) be an n-tuple of integers such 
that r divides 2g — 2 — ^ m;. An r-spin structure on X of type m is a coherent 
net of r-th roots of ivx of type m on X. 

Definition 2.9. Let r > 1 be an integer, and let n and g be non-negative integers. 
Let V be a Deligne-Mumford stack, and let (3 be a class in H2(V,Z). Finally, let 
m = (mi, m,2, ■ • ■ , m n ) be an n-tuplc of integers such that r divides 2g — 2 — ^2 rrii. 
A stable, n-pointed, r-spin map into V of genus g, type m ; and class [3 is a pair 
(/, ({£d}, {cd.d'})) that consists of a stable n-pointed genus g map / : X — > V of 
class /3, and an r-spin structure ({£4}, {cd,d'}) of type m on X. 

Example 2.10. If V is a point, then any stable, n-pointed, r-spin map into V is 
just a stable r-spin curve. 

f 

Definition 2.11. An isomorphism of r-spin maps (X ► V,pi,... ,p n , 

({£d},{cdM>})) and (X 1 V,p[, . . . ^UKl.^})) of the same type m 



8 



T. J. JARVIS, T. KIMURA, AND A. VAINTROB 



consists of an isomorphism r of rt-pointed, stable maps 

r 



X 



X' 



r 



V 



V 



r*£' d 



and a set of Ox-module isomorphisms {9, 

canonical isomorphism t*lox'(— Yli m iP'i) ' 
homomorphisms 9d are compatible with all the maps Cd 



So}, with Qi being the 
u>x(— m iVi)i an d such that the 



and 



-d,d' 



Every r-spin structure on a smooth curve X is determined, up to isomorphism, 
by a choice of a line bundle £ r , such that £® r = lux{— X) m iPi)- Therefore, in 
the smooth case, the formal Definition 2.8 is equivalent to the intuitive one from 



the previous subsection (Definition 2.1). In particular, if / : X — > V has no 
automorphisms, then the set of isomorphism classes of r-spin structures (if non- 
empty) of type m on / : X — > V is a principal homogeneous space for the group of 
r-torsion points of the Jacobian of X. Thus there are r 2a such isomorphism classes. 

2.3. Families of r-spin structures and stable spin maps. 

To define the stack of stable r-spin maps, we must carefully define how r-spin 
structures vary in families. This turns out to be very delicate, since nilpotent 
elements may arise. In this paper, we use the definition of families of spin curves 
given in [fl0|| . The main condition is that all of the homomorphisms Cd } d' should 
be power maps in the sense of §2.3.1]. The definition for families given there 
reduces to the definition of an r-spin structure given above, when the base is (the 
spectrum of) a field; thus they are really only conditions on the families, rather 
than on the fibers. 

The precise definition of families of spin curves is not necessary for understand- 
ing the CohFT related to the moduli space of stable r-spin maps discussed in 
Sections p|-p[ In this paper we only use the formal definition in the proof of The- 



orem 2.16, which states that the intuitive definition of the stabilization morphism 



from the stack of stable r-spin maps to the stack of stable r-spin curves does, in- 
deed, give a morphism of stacks. The reader willing to accept this result may skip 



the remainder of this subsection and the proof of Theorem 2.16 in Subsection 2.7 



The following definition is rather technical, but it is precisely what is needed 
to guarantee that the moduli stacks of spin curves are smooth Deligne-Mumford 
stacks. Families of spin curves can also be defined (see |Q) in terms of line bundles 
on the "twisted curves" of Abramovich and Vistoli g. 

Definition 2.12. An r-spin structure of type m on a family X/T of n-pointed 
prestable curves is a coherent net of r-th roots of lox/t of type m. 

Recall that, by Definition 2.3.4 of JTo| , a coherent net of r-th roots of uox/t 
of type m is a set of rank-one, torsion-free Ox-modules {£d} and a collection of 
Ox-module homomorphisms {cd,d' '■ £® d ^ d — > defined for d'|ef|r, such that 

for each geometric fiber Xt of X/T, the sheaves {£d} and homomorphisms {cd,d'} 
induce a coherent net of r-th roots of wx, of type m, and each homomorphism 
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Cd.d' is an isomorphism on the smooth locus of X/T . Finally, these sheaves and 
homomorphisms must have a special type of local structure, which we describe now. 

For a node q £ X t in a fiber of X/T over a geometric point t £ T, we denote by 
TOd,+ and md,_ the orders of the d-ih root map 

Cd.i ■ £f d -> w(- mijJi) 
on the branches of the normalization of Xt at g. We define 

Ud ■= {m d ,+ + l)/td) and v d := (m d: _ + 1)/^), 

where 

£ d := gcd(m d:+ + 1, m dj _ + 1). 

If c^i is an isomorphism at g, we set Ud = Vd = 0. 

The first requirement on the local structure of a net of coherent roots on a family 
X/T is the existence of a special local coordinate system near any node q where 
c r ,i is not an isomorphism (i.e., £ r is Neveu-Schwarz at q). This local coordinate 
system consists of an etale neighborhood T' of t with an element r <E Op.f, and 
an etale neighborhood 17 of g in A" x-p T' with sections x,y € Ojj, such that for 
s := u r + v r we have 

• xy — t s . 

• The ideal generated by x and y has the singular locus of X/T as its associated 
closed subscheme. 

• The homomorphism (Ot 1 ,t[x,y\/ {xy — r s )) —> induces an isomorphism 
of the completions 

(d T ,, t [[x,y]}/(xy-T s )) — d Utq . 

Of course, such a local coordinate system would always exist for any X/T if we 
had s = 1, but in general its existence requires that X/T be (locally) a ramified 
cover of degree s of another family of prestable curves. 

The second requirement on the local structure is that the sheaves £d must have 
a special presentation in terms of this special coordinate system. In particular, any 
rank-one, torsion-free sheaf T always has a presentation of the form 

T = (Ci, C2K1 = <2, y(i = h( 2 ) 

for some e and h in Ot',*, such that eh = t s ; but for sheaves in the net we require 
that if £d is not locally free at the node q, then £d must have such a presentation 

with e = T ( r / d )( v d£d) anc [ ft = T (r/d)(u d £ d ) ^ 

In other words, £d is isomorphic near node q to the sheaf 

E d := (Ci^lr^^Ci = a&.tfCi = r^^^). 

If £ f j is locally free at g, then for uniformity of notation we will use the unusual 
presentation £ d = E d := (Ci, C2IC1 = Ca)- 
Finally, each homomorphism 

°«7,3 ' °dj °J 

in the net must be a so-called power map, in the sense of Definition 2.3.1 of p0| . 
This means that, if we use the local presentations 

E dJ - {£i,&\T lr/miv « t « ) Zi = ^2,ya = 
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and 

of the sheaves £ dj and £ j , then the map 

(5) Sym d (^) - Ej, 

induced by the homomorphism Cdj,j, acts on the generators £,f~ z Q °f Sym^E^) 
as 

(6) cd-i m „ (V'-V^i if < z < W " 

Here we require that Uj = Udjd (mod s) and define Vj = Vdjd (mod s), u" := 
(udjd — Uj)/s, and v" :— (vdjd — Vj)/s. 

li£dj is locally free at q, then the existence of a good presentation is automatically 
satisfied, and we have no additional power map requirement except that the map (|^) 
be an isomorphism. 

This completes the definition of r-spin structures on families of prestable curves, 
and we can now define families of r-spin maps. 

Definition 2.13. Let V be an algebraic variety and j3 <E i?2(V,Z). A family of 
n-pointed, stable r-spin maps to V of class (3 and type m over a base T is a family 
of n-pointed, stable maps / : X — > V over T of class (3 with an r-spin structure of 
type m on X/T. 

2.4. Stacks of spin maps. 

Now we are ready to define the main objects of the paper — the stack of stable 
r-spin maps. 

Definition 2.14. Let V be an algebraic variety over C, and (3 an element of 
i?2(V,Z). The stack of stable r-spin maps to V (n-pointed, of genus g, and class 
(3) is the disjoint union 

m 

0<rn 2 <r 

of stacks A^y^' m (V, (3) of (families of) stable n-pointed r-spin maps to V of genus 
g, type m = (mi, . . . , m n ), and class f3, 

We will see in Section [2.6| that M g n (V,p) (and, therefore, M g>n (V,/3)) is 
a Deligne-Mumford stack whenever M.g, n {ViP) is. As the following proposition 
shows, no information is lost by restricting m to the range < m, < r — 1. 

Proposition 2.15. Ifm = m' (mod r), then M^'™ 1 (V, (3) is canonically isomor- 
phic toM]';f \v,P). 

Proof. When m = m' (mod r), every r-spin structure of type m naturally gives 
an r-spin structure of type m' simply by 



£d^£d®0[Y^ -^—j — -P 



□ 
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2.5. Canonical morphisms of stacks of stable spin maps. 



The stack M. 1 '' x "(V,/3) has a natural projection 



(7) 



p:Ml[ r n m {V^) 



M g , n (V,f3) 



which forgets the spin structure. The usual evaluation maps 

evi : Mg t n(V,0) -» V, 



which send a point [X 
ation maps 



V,pi . . .p n ] e Mg, n (V,0) to f(pi) G V, induce evalu- 



evi = e Vl op: M] 1 ^ {V, p) * V. 

Less obvious is the fact that for any morphism s : V — ► V taking j3 to /3', we 
have a stabilization morphism 



(8) 



~ -r-rl/r 

st: M 



which takes / to /' := so f and contracts components of the curve that are unstable 
with respect to /'. 

Theorem 2.16. For any morphism V — + V , taking [3 to (3', the stabilization 
map (pi) is a morphism of stacks. 



The proof of Theorem 2.1£ will be given in Subsection 2.1 



The various canonical maps introduced above are shown in the following com- 
mutative diagram. 



(9) 



M 



l/r 




M„.n 



We will use the notation of this diagram throughout the remainder of the paper, 
and we will denote the composition q2 o qi by q. 

The universal curves C g . n — > M g . n and Cg.{[' m — > ■M^J l ' za (V,(3) will be denoted 
by 7T. 



Remark 2.17. The stack M 
M 1/r ' 



l/r,i 



y.n 



(V, /3) is not isomorphic to the fibered product 

thoi 

9i : Ml£™(V,f3) ► M 1 ^-" 1 x Mg _ n M g , n (V,p) 



Xjj Mg, n (V, /3), although on the smooth locus the map 
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is an isomorphism. This can be seen as follows. 

If X/T is a smooth family of curves, then a stable map / : X — > V and an r- 
spin structure {{£d}, {cd,d'}) are precisely the data necessary to construct an r-spin 
map, i.e., there is a canonical morphism 

3 ■■ M 1 ^" 1 x Mg n M g , n (V,0) - Ml^ m (V,(3) 

which is clearly the inverse of the morphism qi . 

But if X is not stable, this morphism j no longer exists. For example, let X be a 
prestable curve that has two irreducible components C and E, where C is a smooth 
curve of genus g, and E is a smooth, rational curve, without marked points, joined 
to C at a single node q. Let / : X — » V be an embedding of X in V. 

An r-spin structure {{£d}, {cd,d'}) on X is equivalent to a pair of r-spin structures 
({^•dl: Wd d'}) on C an( i (Wd}> l c d d'}) 011 01 orders and r — 2, respectively, at 
q. Thus the automorphism group of the r-spin map (/, ({£d}, {cd,d'})) is fJ> r X A*rj 
corresponding to multiplication of £^ and £" by r-th roots of unity. 

But the stabilization map st takes (/, ({£<*}, {cd,d'})) to the s P m ma P (f\c, {£'d\i Wd d'l) 
on C, and the automorphism group of 

p(f, ({£ d }, {cd,d'})) x st(f, ({£ d }, {cd.d'})) - if\c, ({£' d }), {c' d4 ,}) 

is simply since C is irreducible and £' r is invertible on C. Thus the morphism 
<?i is not an isomorphism. 

Proposition 2.18. The morphism q\ is flat and proper. 

Proof. Flatness follows from the valuative criterion of flatness || 11.8.1], which 
states that it is enough to check flatness of q\ over each R- valued point Spec R — > 

M'' x^j- ^ A / t ffl n(^ // , where R is a discrete valuation ring. Since the comple- 
tion R of R is faithfully flat over i?, it suffices to check this for each complete discrete 



valuation ring. But in this case, the results of |10| show that the universal defor- 
mation (relative to the universal stable map / : C — > V) of a spin structure over the 
central fiber of Speci? corresponds to the ring homomorphism R — > R[t]/(t r — s), 
where s 6 R is a uniformizing parameter for R. In particular, R[t]/(t r — s) is a free 
i?-module, and thus is flat over R. Since the universal deformation is faithfully flat 

(etale) over A4g^' m (Vi/9), this shows that q\ is also flat. 

Properness also follows by the valuative criterion in exactly the same manner 
as was proved in |l|] for spin structures on stable curves. Nothing in that proof 
required the underlying curves to be stable — only prestable. 

□ 

2.6. The algebraic nature of the stack of stable spin maps. 

A useful notion in dealing with stacks is the idea of a Deligne-Mumford mor- 
phism, or morphism of Deligne-Mumford type. This is analogous to the concept of 
a representable morphism. 

Definition 2.19. A morphism of stacks / : S — » T is called Deligne-Mumford (or 
of Deligne-Mumford type) if for every [/-valued point U —* T, for a representable 
U, the fibered product S Xt U is a Deligne-Mumford stack. 

The most useful fact about these morphisms is that if S — > T is a Deligne- 
Mumford morphism, and if T is a Deligne-Mumford stack, then S is a Deligne- 
Mumford stack (see |1 Prop. 3.1.3]). 
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Theorem 2.20. For all V and (3, the forgetful morphism (see equation^) is a finite 
Deligne-Mumford morphism of stacks. In particular, Ad^^'" 1 (V, P) is a Deligne- 
Mumford stack whenever M. g , n (V, (3) is. 

Proof. Given a T- valued point T — > M g . n (V, (3) for a representable T, we must 
show that the stack 

R(X/T) :=Ml^ m (V,f3) x T M g>n (V,(3) 

of coherent nets of r-th roots of lox{— m iPi) on the associated family X/T of 
prestable curves is a Deligne-Mumford stack, finite over T. In particular, we need 
to construct a smooth cover of R(X/T) and show that the diagonal 

A : R{X/T) x T R(X/T) R(X/T) 

is representable, unramified, and proper. 

These facts are all straightforward generalizations of their counterparts over the 
stack A4 g , n of stable curves as described in fl(i|| . The only real difference is that we 
are now working with a specific family of prestable curves over T, as opposed to 
working with the universal family of stable curves (over M g ^ n ), but that changes 
nothing of substance in the proof. 

The proof of properness is also an easy generalization of the case of stable r-spin 
curves, and the morphism is obviously quasi-finite, hence finite. □ 



2.16 



2.7. Proof of Theorem 

We now turn to the proof that for any morphism s : V — > V, taking (3 6 ^(V, Z) 
to /?' S i?2(V', Z), the stabilization map (||) is a morphism of stacks. 

It is straightforward to check that the stabilization of the underlying curves 
preserves r-spin structures on each individual fiber, but we must also show that the 
stabilization morphism on the underlying curves preserves the r-spin structure in 
families. 



Theorem 2.16 obviously follows from the following lemma. 

Lemma 2.21. Let st : X/T — > X/T be a morphism taking a family of prestable 
curves X/T to a partial stabilization X of X , and let {{£d},{cd,d'}) be an r- 
spin structure of type m = (mi, . . . , m n ) on X, with < m, < r — 1 for ev- 
ery i. In this case, the sheaf R 1 st*£d is zero for every d\r, and the push-forward 
({st*£d}, {st*Cd,d'}) is an r-spin structure of type m on X. 

Proof. As mentioned above, it is straightforward to check that the maps st^Cd^d' 
and the sheaves st^Sd are T-flat and produce an r-spin structure of type m on each 
fiber of X/T (this will also follow from the computations below). Thus we only 
need to verify that R 1 st*£ = (which implies that it commutes with base chan ge) , 
and that the maps and sheaves meet the local conditions outlined in Subsection |7| 
for being a coherent net on the family of curves X/T, provided the original sheaves 
{£d} and maps {cd,d'} form a coherent net on the family X/T. 

Let us fix a point p of a geometric fiber X t of X/T. There are three cases 
to consider. First is the case when the point p is not the image of a contracted 
component (i.e., st~ 1 (p) is a single point). Second is the case when p is a smooth 
point of the fiber Xt, but p is the image of a whole irreducible component of the 
fiber X t of X/T; that is, st contracts a — 1-curve to the point p. Third is the case 
that p is a node of the fiber X t containing it, and it is the image of a contracted 
component of X t ; that is, p is the image of a — 2-curve E. 
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X=Y 




Figure 1 . A depiction of Case 2 of Lemma 2.21 : fibers X t and 
X t , the stabilization map st : X t — > X t , and the normalization of 
X t . The morphism st contracts the unstable component C to the 
point p and induces an isomorphism from the rest of the curve Y 
to X t . 



Case 1: The first case is easy, since when st~ 1 (p) is a single point, then st is 
an isomorphism in a neighborhood of p (or of st^ 1 (p)). In particular, si* is an 
isomorphism, R}st*£d = 0, and Cd,d' = st*(cd,d') is a d/d'-th power map near p. 

The second and third cases are more involved. Before we attack them, we note 
that the conditions we must verify are local (and analytic) on the base T, so it 
suffices to check the result when T is affine and is the spectrum of a complete local 
ring R. Moreover, the conditions are analytic on X; that is, the conditions are all 
determined by restricting to the completion of the local ring of X near the point p. 
To simplify, we will make the calculations in the case of d = r, but all other values 
of d (dividing r) are similar. 

Case 2: In the second case (st contracts a — 1-curve of X to the point p) 
we will show that the induced sheaves st*£d are locally free at p, and the maps 
Cd.d' are all isomorphisms; thus the local coordinate and power map conditions are 
automatically fulfilled. 

The fiber Xt over Xt has one irreducible component C lying over p, and C 
contains at most one marked point p , labeled with an integer m, where < m < 
r—1. This is indicated in Figure [l]. On C, the sheaf (£ r / ' torsion)® 1 " is isomorphic to 
ajc(~Tn + q + — mp), where q + is the point of C which maps to the node q attaching 
C to the rest of X t . 
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Moreover, r must divide 2gc — 2 — m + — m, so either m = r — 1, which implies 
that £ r is locally free (Ramond) near q, or r — 2 = to + + to, which implies that f r 
is not locally free (it is Neveu-Schwarz) at q. In either case, £ r \c has degree — 1 
and thus has no global sections. This also gives R}st % £ r = 0, since this is true on 
each fiber. 

Now, in the Neveu-Schwarz case, the sheaf st*£ r \x t is simply the sheaf £ r re- 
stricted (modulo torsion) to the rest of the prestable fiber Y — (Xt — C). But 
£ r / torsion on Y is an r-th root of Wy(-m _ g" — Tn-iPi), where q~ is the 

other side of the node defined by q + . The actual value of to" is determined by the 
relation m + + to" = m + + m~ = r — 2, which implies that to" = to. 

In the Ramond case, the vanishing of the global sections of £ r \c implies that 
st*(£ r \ x ) is £ r \Y ® £ (— so it is an r-th root of ( r — l)p). 

In both the Ramond and Neveu-Schwarz cases, the new marked point p = st(q~) 
of X t is labeled with to, just as the old marked point p' was marked with m on X t . 
If no point was marked on C, then the point p remains unmarked (and to" = 0). 

Finally, st*£d is T-flat and R 1 st*£ r vanishes, so we have that st*£ r commutes 
with base change, and the calculations above on the fibers all hold globally on the 
family X/T. Thus st st £ r is invertible near p, and st*c r ^\ is an isomorphism near p. 
In particular, st*c r ^\ is an r-power map. A similar argument holds for each £d and 
each Cd,d' near p. 

Case 3: The third case is that of a point p £ X which is the image of a — 2-curve 
C of X. It is easy to see that, just as in case 2, on the unstable (contracted) — 2- 
curve, the degree of the bundle is — 1. Also, we have i? 1 si»f r = 0; the sheaf st*£ r 
is T-flat and commutes with base change; and on the fibers, the induced collection 
of sheaves and bundles forms an r-spin structure of type m. 

We have still to check that the induced sheaves have the necessary family struc- 
ture for spin curves (existence of a local coordinate of suitable type, with respect to 



which the sheaves have the standard presentation — see Definition 2.12), and that 
the induced maps are power maps, as described in equation (j^). For simplicity we 
will assume that the orders to + , m_, m',, and m!_ of the r-spin map c^i along 
the two nodes q and q' where the —2-curve intersects the rest of the fiber have the 
property that gcd(m + + l,m_ + 1) = 1 = gcd(TO^_ + l,m'_ + 1). The case with 
common divisors larger than 1 is similar. 

It is shown in jlll §3.1] that X is locally isomorphic to 

Proj A A\jjl, v]/{xv - e>, h r v - fxy), 

where A = Ox,x — R[[x, y]]/xy — 7r r , and e, h and n are elements of the maximal 
ideal of R with eh = w. This shows the existence of the special local coordinate. 
We next show that st*£d has a presentation of the form 

sU£ d Si (Ci^l^W^Ci = xC, 2 ,yCi = ^l d ^*\ 2 ). 

If we let n/v = s and v/fi — z, then near the exceptional —2-curve C the curve X 
is covered by two open sets, 

U={n^0}^ Spec A[z]/(xz - e r , y - h r z) 

and 

V = {v^{)} = Spec A[s]/(x - e r s, ys - h r ). 
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Since ({£d}, {cd,d'}) is an r-spin structure, we can describe £ r on U by £ r \u = 
Eu(e v ,e u ) = (Ci,C 2 |<2 = f CuxCi = e v Q 2 ), and on V by £ r \ v S E v (h u ',h v ') = 
(£,1, 61*6 = h u '£i, y£i = h v '&h where u + w = it' +_i/ = r. 

On the exceptional curve C = P 1 the sheaf (£ r / torsion)® r is isomorphic to 
wpi((l — ti) + (1 — i/)), and degree considerations show that u + i/ = r, so u = u' 
and i; = v 1 . Moreover, in a neighborhood of C, if Di is the image of the i-th section 
pi : T — > X, the invertible sheaf ^rriiDi) is trivial and is generated by the 

element w = ^ = ~ £ r = lf = ~ if - The r-th power map c rj i is an isomorphism 
away from the nodes of X, and since it is a power map (changing the isomorphisms 
£ r \u = E{j(e v ,e u ) and £ r \y = Ey(h u ,h v ), if necessary), it maps the generators Q 
and & as follows: 

and 

i-> s v w, £,2 >-* y Uw - 

Since c T .\ is an isomorphism away from the nodes, we have Qy = z r £\, or Ci = 
z0£i, for some r-th root of unity 9. Changing the isomorphism £ r \ v = Ey{h u , h v ) 
by 0, we may assume 

Ci = 

On [/flFwe also have 

C2 = se v Ci = e"a and £ 2 = = 
So global sections of £ are of the form 

r(£ r ) = {((/^Ci + /^C2),(Mi + /v6))G^e£V| 
/c/Ci + fu(2 = Mi + fv& onunv}. 
We claim that the yl-module 

E(ir u ,ir v ) := (r)i,r) 2 \xr) 2 =n u r)i,yr]i =Tr v r) 2 ) 
is isomorphic to T(£ r ) via 

m ^ (C2,e^i) and 7? 2 ^ (/i"Ci,6)- 
The map is clearly an ^4-module homomorphism. Moreover, for any section 
((/f/Ci + fub)' (fv€i + G r(f r ) we may assume that f v G i?[z] and G 

Likewise, we may assume that fv G J?[s] and / y G 
Consequently, we have 

zfu(z) + e*fUx) - fv(s) - zq u fv(y) = 0, 

or 

zfu(z) + e v f{j(se r ) - f v (s) - zh u f v (zh r ) = 0. 
Thus fu and fv are completely determined by 

fu = h u f v (y) and f v = e v f^(x). 
We may, therefore, map T(£ r ) to E(tt u ,tt v ) via 

(h u f v (y)(i + fhixfo), {e v f'u{x)b + f v {y)£ 2 ) ^ fu(x)m + frMm, 

and it is easy to check that this homomorphism is the inverse of the first. 

An identical argument shows that T(£d) is isomorphic to E(ir u ,tt v ), where 
u' = u (mod d) and v' = v (mod d). This shows the existence of the desired 
presentation for st*£d- 
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It remains to show that the maps st*Cd : d' are power maps (||). Again, since the 
arguments are essentially identical for each pair d and d! , it suffices to prove this 
in the case of c rjCr for some a dividing r. 

As above, we have u + v = r. Let a be a divisor of r, and d = r j a . Let u' be 
the smallest non-negative integer congruent to ud modulo r and v' be the smallest 
non-negative integer congruent to vd modulo r. Define integers u" and v" as 

., du — u' , „ dv — v' 
u = and v = . 



The module T(£ r ) = E(tt u ,tt v ) is generated by r?i, and 772 with 771 = (C2,e"£i) 

and r/2 = (h u (i,^2)- Further, E a may be defined on U by (fa, fa\zfa = eU 0ii 

xfa = e v fa) and on V by (fa,fa\stp2 = h v fa,yfa = e" ^2), so we may describe 

st*£ CT as above: the module r(£ CT ) is isomorphic to E(ir u , 77" ), and is generated by 

7i = i<t>2,e v 'fa) and 72 = {h 11 ' fa, fa). 

We must show that r] d ~ % r]\ maps, via st*(c riCr ), to ir ul x v ~ l ~fi for < i < it" and 
to n v(d~i) y u"-(d-t) l2 when u // < ■ < d _ 

We will do the first case — the second case is similar. The element r\^~ 1 r\ l 2 i s °f 
the form 

ritH = (^e^if-WCu&T = {h u Xltt\e v{d - l) Z d 1 - 1 &), 
so on U, this element r) d ~ l rf 2 maps as 

rui/-ifd—i , v v" —i uiiui 1 —.ui rv ,v"—i± 
" >>lS>2 I — *■ HJ e ll (f>2 = IT X <p2- 

On the element r\ d ~ t r\ % 2 ma ps as 

e ( d _ < ) t) ^d_ i ^ ^ 8 v"-i h iu e (d-i)v^ 

It is straightforward to check that these are the same on C/nV. But this is exactly 
the canonical <i-th power map (§) for E(tt v , tt" )® d — > i?^" , 77" ), as desired. □ 



Remar k 2.2 2. It is important to note that if any of the rrii is greater than r — 1, 
Lemma 2.21 is no longer true. In particular, the sheaf R 1 st.,£ r no longer vanishes 
in case 2 of the proof, and the subsequent fiber-to-family transitions are not valid. 



3. Cohomology Classes 

3.1. Tautological cohomology classes. 

There are many natural cohomology classes in H'(A4 1 g ^' m (V, (3), Q); these in- 
clude the classes induced by pullback from M. g . n (V, (3) and from Mt^'™. In partic- 
ular, we have the i-th Chern class Xi of the Hodge bundle 77*^, and the components 
Vi of the Chern character of the Hodge bundle 

(10) chtn^UTT = 1 + chtRir^ujTr = g + v\t + h> 2 t 3 + v$t + . . . . 

(The even components of chtTr^uj^ vanish by Mumford's theorem In a similar 

manner we define the components fit of the Chern character of the pushforward 
Rir*£ r of the r-th root bundle £ r to be 



(11) 



chfRTT^Sr = —D + jj,\t + [l2t 2 + 
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Here, by Rir*£ r we mean the K-theoretic pushforward Tt*£ r — R lr K*£ r , which is 
generally not the equivalence class of a vector bundle, but only of a coherent sheaf.f] 
Here — D is the Euler characteristic x(^r\c B ) of £ r on any geometric fiber C s of ir, 
and by Riemann-Roch we have 

(12) 

In addition to the Hodge-like classes Aj, z/j and fa, there are tautological classes 
induced by the canonical sections 

corresponding to the marked points of ir : Cg.{[' m — > JvCg ^'""(V, 0). These are 
classes 

(13) tpi := Cl (p*(w ff )) and ^ := Cl (pf (£ r )) 

(and also class ip^ for each divisor d of r). When working in Pic .Mg^' m (V, we 
will abuse notation and use ipi to indicate the line bundle p*(w,r), and i/^ the line 
bundle p*(£ r ). In JiBJ it is proved that these classes are closely related: 

m a\ ~ rrii + l 

14 ipi = ipi- 

r 

3.2. Graphs and boundary classes. 

Finally, there are the boundary classes. Much of the information about the 

combinatorial structure of the boundary of A / ig^' m (V", j3) can be encoded in terms 
of decorated graphs. 

Recall that the (dual) graph of an rj-pointed, prestable curve (X,px,... ,p n ) 
consists of the following elements: 

• Vertices, corresponding to the irreducible components of X: a vertex v is 
labeled with a non-negative integer g(v), the (geometric) genus of the com- 
ponent; 

• Edges, corresponding to the nodes of the curve: an edge connects two vertices 
(possibly even the same vertex, in which case the edge is called a loop) if and 
only if the corresponding node lies on the associated irreducible components; 

• Tails, corresponding to the marked points Pi G X, i = 1, . . . , n: a tail labeled 
by the integer i is attached at the vertex associated to the component of X 
that contains pi. 

Definition 3.1. A half-edge of a graph T is either a tail or one of the two ends 
of a "real" edge of T. We denote by V(T) the set of vertices of T and by n(v) the 
number of half-edges of T at the vertex v. 

Definition 3.2. Let T be a graph. The number 

5 (r) = dimu 1 (r)+ Y, 9{v) 

veV(T) 

is called the genus of a graph T. 



*In jlfj] the functor Rtt* was denoted by ir\. 
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Definition 3.3. A pair (g, n) of non-negative integers is called stable if 2g+n — 2 > 
0. 

A vertex v of a graph is called stable if the pair (g(v),n(v)) is stable. 
A graph Y is called stable if each vertex v of T is stable. 

To describe strata of the moduli space of stable r-spin maps into V , we decorate 
the graphs with additional data coming from the r-spin structure and from V. In 
particular, the type m = (mi, . . . , m n ) gives a marking to each of the tails, and the 
homology class (3 V of the image in V of the corresponding irreducible component of 
the curve gives a marking to each vertex. 

Definition 3.4. Fix an integer r > 2 and a variety V. A (V,r)-stable graph is a 
graph r with a choice of a homology class j3 v £ H%(y, Z) for each vertex v of T, and 
a marking of each half edge h by a non-negative integer < r. For each edge e 
the marks m + := n%h + and m_ := of the two half-edges h + and h_ of e must 
satisfy 

(15) m + + m_ = r — 2 (mod r). 

Finally, the graph should satisfy the stability condition that if (3 V = 0, then the 
vertex v is stable. 

If the half-edges of T are not marked by integers m^, but its vertices are marked 
with classes j3 v , and all vertices with /3 V = are stable, then such a graph will be 
called a V -stable graph. 

Similarly, if the vertices of Y are stable and not marked, but the half-edges are 
marked with integers satisfying (|l5|), then it will be called an r -stable graph. 

Each stable r-spin map defines a (V, r)-stable graph, called its dual graph. 

Definition 3.5. Given a stable r-spin map / : X ► V, ({£d}, {cd.d'}), its [V, re- 
decorated dual graph (or just dual graph) is the dual graph T of the underlying curve 
X, with the following additional markings. Each vertex v is labeled with the class 
fiv := [f(X v )} of the image of the corresponding irreducible component X v . The 
i-th tail is marked by m,-, and each half-edge associated to a node of X is marked 
by the order (the integer m + or m~) of the r-spin structure along the branch of 
the node associated to that half-edge. 

For any V, we let G^niV) denote the set of all (V, r)-stable graphs of genus g 
with n tails. 

Definition-Proposition 3.6. For any morphism V — — * V and a stable pair 
(<7,n), there is an associated stabilization map 

(16) 7. : G%(V) - G\{W), 

defined as follows. The graph Y £ G\(n(V) is mapped to the graph Y £ Gl(n(V) 
obtained from Y by removing all vertices v in Y that fail the stability criterion; that 
is, 7* (A/) = in H 2 (V, 1) and 

2g(v) - 2 + n(v) < 0. 

Also remove all half-edges attached to each removed vertex v, and join together 
any other half-edges that were previously connected to half-edges of v. Since there 
are at most two such half-edges per unstable vertex v, this operation will either 
produce a well-defined edge, or it will not connect any half-edges at all. Now mark 
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each remaining vertex v of the resulting graph with 7* (fl v ) , and give each half-edge h 
the mark it had in the graph T. The resulting graph T is clearly (V' , r)-stable, 
except in the special case that for every vertex v of T we have 7*(/3„) = and 
2g(v) — 2 + n(v) < 0. This only occurs when 2g — 2 + n < 0, so when 2g — 2 + n > 
we always have a stabilization map 7. : Gl(n(V) — > Gg{n(V"') associated to 7. 

If the morphism 7 is the constant map taking V 7 to a point, we will call the image 
of a I^-stable (or (V, r)-stable) graph r under the associated stabilization map 7, 
just the stabilization of T. 

(V, r)-stable graphs of genus g with n tails correspond to boundary strata in 
1 i r 

A4 g n (V, /?), although some of these strata may be empty. 

Definition 3.7. Let T be a connected V-stable graph (or (V, r)-stable, or r-stable 

graph) with n tails and of genus g. We denote by Mr(V,/3) (or by Ai T T (V,(3), or 

by M^ T ) the closure in M. g , n (V,/3) (or in M g ^(V, /3), or in M. g fy of the moduli 
space of stable maps (or stable r-spin maps, or stable r-spin curves) whose dual 
graph is T. If T = III^ is the disjoint union of connected subgraphs T i7 then we 

denote by M r {V) the product Il!Mr i (V) ) and similarly (V) = UM^iV). 
1 j r 

These substacks A4 r (V, p) are generally not irreducible, since different spin 
structures often cannot be deformed into one another, even for a fixed type m. 
For example, when r = 2, g > 0, m = 0, and the target V is a point, there are 
both even and odd spin structures on each stable curve, and these form distinct 
irreducible components. 

J_ if 1/7*) m 

Moreover, the classes [M T (V, p)\ in the Chow group A*(Ai g> n (V, (3)) defined 

by the substacks M. T (V, (3) are not usually the pullbacks of the corresponding 
classes in A#(M gtn (V, /?)). For example, if V is a point and the graph T is a tree 
with one edge and two vertices 



then there is a unique choice of marking m + and m on the two half-edges of the 
edge that makes the degree of the twisted canonical bundle divisible by r on both 
vertices. In this case it can be shown (see Q) that in Pic M^'™ 1 the class p*[A / Jr] 
is precisely 

gcd(m+ + 1, r) 



4. Spin Virtual Class 

Recall from |L5[ §4.1] that an r-spin virtual class on the moduli of stable, r-spin 
curves is an assignment of a cohomology class 

(17) c^GH^CM 1 ^,®) 

to every genus <?, r-stable graph T with n-tails. Here, if the tails of T are marked 
with the n-tuple m = (mi, . . . , m n ), then the dimension D is 



1 ™ 
(18) D=-((r-2)(g-a)+J2 



1=1 
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where a is the number of connected components of T. In the special case where T 
has one vertex and no edges, we denote c r by c g [ n (ni). The classes are required to 
satisfy the axioms of connected and disconnected graphs, convexity, cutting edges, 
vanishing, and forgetting tails. 

We can use the choice of an r-spin virtual class for stable r-spin curves to produce 
a similar r-spin class for all stable map spaces. 

Definition 4.1. Let G 1 / 1 " be the set of all r-stable graphs. Given an r-spin virtual 

class {c\! r G H 2D (Ai]/ r ,Q)} reG i/ r meeting the axioms of [Jl5L §4.1], then for each 
V and for each (V, r)-stable graph T, define the class 

(19) ci /r = s rcL /r , 

where T is the stabilization of T. 

The only graphs that are y-stable but have no stabilization are graphs with 
2<7 — 2 + n < 0, so in these cases we define the r-spin virtual class directly. 

1 1 r 

Definition 4.2. If g = and n < 3 then we define c r to be the top Chern class 
of the dual of the first cohomology of the r-th root bundle £ r ; namely, 

(20) c r /r = coi-R^Sr), 

where £ r is the r-th root of the universal spin structure ({£d}, {cd,d'}) on the uni- 
versal curve 7r : C — > A4 r (V, (3). 

Proposition 4.3. If g — and n < 3, then for every connected graph V 6 G\ „(V) 
with no marking m,: equal to r — 1, the r-spin virtual class c r has dimension zero; 
and thus for any T G Gq^(V) with n < 3 we have 

-i/r JO ifanymi = r-l 
c r ' = < 

I 1 otherwise. 

Proof. The degree of the sheaf £ r is an integer and is given by 

deg£ r = (2g - 2 -^m;)/r, 

hence when g = we have 

V^OT, = —2 (mod r). 

The dimension D of c r is 

If n = we have Tit = 0, which implies r = 2, and we immediately have D = 0. 
If 2 > n > 1, then since < m, < r — 2, we have < X) m « ^ 2(r — 2); and 
hence ^ m « = r — 2 is the only solution to the congruence ^ mi = —2 (mod r). 
Consequently, 

D= (2-r + ^m 4 )/r = 0. 

If any of the nii are equal to r — 1, then the argument in the proof of Axiom 4 
in |l5|, Theorem 4.1] shows that c 1//r must be zero. □ 
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In the case that g — 1 and n — 0, the moduli space M. 1 (V, (3) decomposes into 
the disjoint union of d connected components, where d is the number of positive 
divisors of r (including 1 and r) ; these components correspond to the fact that (on 
the smooth locus) r-spin structures are in one-to-one correspondence with r-torsion 
points of the Jacobian of the underlying curve. No deformation of the underlying 
curve can take a point of order i to a point of order j unless i = j, so the moduli 
space breaks up into disjoint components 



II 

i\r 
Ki<r 



MYo' li) (V,(3). 



We call i the index of the component if the r-th root is a point of exact order i in 
the Jacobian of the underlying curve. 

Definition 4.4. If g = 1 and n — 0, define the r-spin virtual class o^ r {V,(3) as 
follows 



(21) 



~l/r 



{V,0) 



— (r — 1) if the index is 1 
1 otherwise. 



Theorem 4.5. Ifg = 0, then cj/ r (V, f3) = st* c^ r is the top Chern class C£>(— i^fr*^ 
of the bundle whose fiber is the dual of the first cohomology of the r-th root £ r on 
the universal curve n : C —> A4 r (V, (3). 

Proof. For n < 3, this is true by definition. 



In the case that n > 3, since g — 0, the r-spin virtual class c^/ r £ H 2U {M 
is the top Chern class cd(— R 7T*£ r ) of the first cohomology of the r-th root £ r on 
the universal curve ir : C — > A4^ T , by the convexity axiom of Jl5| §4.1. 



jl/r 



We have the following commutative diagram 

-r-jl/r 



C X^yr M l 




Pi 



P2 



Ml /r (V,(3) 



St 



M 



l/r 



Here </> is the natural map induced by n and stabilization of C. If £ r is the r-th 
root on C, then by Lemma 2.21 and the universality of the sheaves involved, <fi*£ r 



is isomorphic to the pullback p\£ r of the r-th root £ r from C, and R l 4>*£ r = 0. By 
the Leray spectral sequence we have 

R 1 TT*£ r = R 1 p2*(pl£ r )- 

But st is flat (it is the composition of flat morphisms — see the commutative dia- 
gram @), so that 



C£>(- R 1 p2*{pl(pl£ r )) = st* coi-R 1 ^*^ 



st* cj r . 



□ 
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Remark 4.6. The proof of Theorem 4.5 depends upon the fact that the integer 
marking inih of each half edge h lie in the range < m,h < r — 1, as required 
for stable graphs (see Definition 3.4). In particular, when an uih lies outside that 
range, Lemma 2.21 fails. 

We shall see (in Remark 5.14) that Theorem 4.5 is false in the case that any rrih 
is larger than r — 1. 

Definition 4.7. We define [M^V, f3)] virt to be the pullback 

[AC(y,/?)r* :=P*[M 9 AV,f3)Y irt 

of the usual virtual fundamental class [M g . n (V, (3)] virt (see Section |L~2|) of Mg yn (V, f3) 
via 

Using the notation of the commutative diagram (^), since ebi = evi op, for any 
7i, . . . ,7 n G H'(V, Q) we have the equality 

ew*7i U ev* 2 j 2 U • • • U eu*7„ = p*{ev{~fi U • • • U eu*7„). 

We also have the following important relation on classes, which is the main step 
in proving that the CohFT defined by stable r-spin maps is the tensor product of 
the CohFTs of r-spin curves and stable maps (Theorem |~~ 



Theorem 4.8. Given any set {71, . . . ,7„} of classes in A*(V) (or H*(V)), and 

g,n 



given an r-spin virtual class c 1 ^ on _M^' m (V, (3) defined by equations ftlQ), (p 



and j\2]\), the relation 
(22) 

n, 

r-j—rl/r 

1=1 

holds. 



q,(c 1/r U l[ev*( 7i ) n [M] 1 ^^) = p*^ U sU(l[evt (7) n [M g , n (V, P)] vM ) 



Proof. We will give the proof on the level of (operational) Chow groups A* with 
notation as in |^l|, V §8]. From [^l], VI §2] it will follow then that such results also 
hold for H' (V). 

In particular, if we denote the identity maps on M g , n , M^^, M g ^ n {V, (3), 
M' 

x Ja „ ■M-g,n{y, P)i an d M.J n {y,0) by I, I r , ly, I x , and l r .v, respectively, 

then we have c 1 ^ £ A*(M]{l) := A*(I r : jtj^ -> M^), and gV r = sT(c 1 />") € 

A*(Ml^(V,(3)). We take 7, in A*(V), so that ev*{ji) is in A*(mI^(V, p)). Also, 
we have [M g , n {V, /3)] virt g A*(M g , n (V, 13)). 
Finally, by 

n 

T l/r 



we mean 

(c 



s 1/ 'un^(i.)n[AC(F,fflr« 

i=l 



i=l 
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As in V §8.9], for any morphism Y -> X, we define /* : A*[X) -> A*(Y) to 

be 

(23) r(S)hny:=S foh ny, 

where 5 € A*(X) and h : L — > Y is an arbitrary morphism, and y € A»(L). We 
also define, for any proper, flat morphism / : Y — ► X of Dclignc-Mumford stacks 
X and y, the proper flat pushforward /. : A*(Y) — ► A*(X) to be 

(24) /.« 9 n C :=%nr(c)), 

where g : L — + X is an arbitrary morphism, a is an element of A*(Y), and c is an 
element of A*(X). 

Remark 4.9. Note that part (ii) of Manin's definition in V §8.9] of the op- 
erational Chow ring A*{M) for the identity morphism I : M — > M states that 
elements of A*(M) only need to commute with pullback along representable, flat 
morphisms of DM-stacks, despite the fact that standard definitions of general op- 
erational Chow rings require that these elements commute with pullback along all 
flat morphisms of DM-stacks (see Vistoli §|, 5.1.i] and Manin @ V.S.l.i]). 

In what we do below, we will need the definition of A*(M) that requires com- 
mutativity with all flat pullbacks; that is, we require the following. 

Let / : X — > y be a flat morphism of Deligne-Mumford stacks, which is not 
necessarily representable, and let h : Y — » Z be an arbitrary morphism of Dclignc- 
Mumford stacks. For any a £ A*(Z) and y £ A*(Y), we have 

(25) <Tho f nf*(y) = r(a h ny). 

This seemingly minor difference in the definition of A* allows us to prove a 
projection formula for non-representable morphisms. 



Lemma 4.10. 

1. Let f : X — » y be a proper, flat morphism of Deligne-Mumford stacks (which 
is not necessarily representable), and let h : L — > Y be an arbitrary morphism 
of Deligne-Mumford stacks. We have 

(26) h*f. = f L .h* x . 

2. (Projection formula for f,) Let f : X — » Y be a proper, flat morphism 
of Deligne-Mumford stacks (which is not necessarily representable). For any 
a e A*(X) and (3 £ A*(Y) we have 

(27) /.(<t/*(/3)) = f.(o-)[3. 

Proof. For part 1 of the lemma, the same proof as given by Manin for this equation 



21, V.8.30] works exactly for our case, too; nowhere is the representability of / 
used in Manin's proof. 

For part 2, again Manin's proof of the projection formula j2jl V.8.29] works for 
non-representable morphisms, the only change needed is that |2lj, V.8.22] (commu- 
tativity with flat, representable pullbacks) must be replaced by our equation (25) 
for non-representable, flat pullbacks. □ 

One more fact we will need in the proof of Theorem |4.8| is the commutativity 



with proper pushforwards required by the definition of A* (cf. |2lJ V.8.21]); namely, 
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if p : P — > L is proper, and h : L — > M is an arbitrary morphism, then by definition 
of A*(M), for any a G A*(M) and for any y G A*(P) we have 

(28) a h r\p*{y) =p*((Thp ny). 

Now we may proceed with the proof of Theorem |4.8|. We will refer throughout 
the proof to the notation of the commutative diagram (|9|) . 

Since q\ is a birational map, it is a splitting morphism (i.e., q\»q\ = I x , as a map 
on A*). Moreover, the morphism st is flat [|[ Prop. 3] and proper, p is flat [ fiol 



Theorem 2.2] and proper 10 Theorem 2.3], and q\ is flat and proper by Proposition 



2.18 . We have the following relations: 

qjlc^uflevi^i)) np*{M g>n (V,(3)f 



(din. of q lm ) 



<Z2*<Zi* \pr& /r U pr* J[ e<( 7i )J n qlpr* 2 \M g>n {V, (3)] 

Q2* (qi.ql (pr^ Upr^ev*^ R pr* 2 {M g , n (V, /?)] 
(pr* lC ^ Upr* 2 n e <(7 l )) i npr* 2 {M g , n (V,P)r 



(dfn. of pr 2 ») 



(prj. fmla. for pr2») 



l virt 



(gi is splitting) — 

= «t.pr 2 *((prIc 1 /'-Ujw5jJei; i *(7 i )) D pr* 2 \M g>n (V, 0)] 
^* (pr 2 . (pr^ r \Jpr* 2 \[evl ( 7< )) ^ n pW s ,«(^ /?)] virt 

st* ((F2.(Kc 1/r ) uJJe<(7i)) Iv n £M ff ,„(v,/3)] 

(EouationB = st* M (st^c 1 / 1- ) U J] ev* ( 7i )) i n[7W s ,„(T/,/3)] vi 

= st* (V P .c 1/r V n ((nc<(7<))iv n [M g Av,P)) vi 
(db.of.o = st* (b.c 1 / r ) st n ((n eu *(7i))iv n CM 9 ,n(V,/3)]' 

(Ecuationg = (p.^)! D St. ((Q eV* {%))l v f"l pW S ,„(V, ,3)]™' 



virt 



This completes the proof of Theorem 4.8. □ 



5. Gromov-Witten Invariants and Tensor Products of CohFTs 

Let V be a smooth projective variety. The moduli space of stable r-spin maps 

M. g n (V) gives rise to a set of correlators satisfying axioms analogous to those 
satisfied by Gromov-Witten invariants. This follows from the fact that the CohFT 

associated to M g n (V) is the tensor product of the Gromov-Witten CohFT with 
the r-spin CohFT. 
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5.1. Axioms of Gromov-Witten classes. 

For each (3 G -^(V, Z) and a stable pair of integers (g, n), define the (cohomolog- 
ical) correlators of Gromov-Witten theory to be linear maps ■ H*(V,C) 

H'(Mg t n,C) such that 

n 

4!^' - . ,7n) = sMflIew?7i) n [^ 9 ,™(^,/3)] virt ], 

i=l 

where st : .M 9 , n (V) — > M g , n is the stabilization morphism (Q), [AT s , n (V, /3)] virt is 
the virtual fundamental class (0) of .M ff , n (F) , and 7$ € C). 

Theorem 5.1 (fis[]). Let B(V) C H2(V,Z) denote the semigroup of numerical 
equivalence classes (3 such that (3 ■ L > for all ample divisor classes LinV. Let r\ 
be the Poincare pairing on H*(V) and let r/^ := ^(e^, e v ) be the coefficients of its 
matrix with respect to a basis {e^} for H'(V). Denote by (r/^) the inverse matrix 

of {Vliu). 

The collection { 3 } satisfies the following properties, called the axioms of 
Gromov-Witten invariants. (We are using the summation convention.) 

1. (Effectivity) Aj^ = if P £ B(V). 

2. (S n -Equivariance) Each map g is S n -equivariant, where S n is the sym- 
metric group on n letters. 

3. (Degeneration Axioms) 
(a) Let 

Pr trco : M k ,j+i x M g -k,n-j+i " M g<n 

be the gluing map corresponding to the stable graph 

Itree — 



k g-k 



then the forms A^2 p satisfy the composition property 
Pr trcc Ag y „ ) ^(7i,72 ■•• ,7«) = 

J2 A *I?+l,/Ji ^ ' • • • ' T** ' e ^ ® A 9-fc,n-i+l,/3 2 7%'+i > • ■ ■ , 7»„ ) 

01+ 02=3 

for all 7j G 7i. 
(b) Let 

/°ri 00 p : A^ g -i,„+2 A4 g ,„ 

6e ifte gluing map corresponding to the stable graph 

floop — 

then 

^rioop A g!2,/3 (7i,72,- ■■ ,7«) = A^ ) 1 „ +2(3 (7i,72,... , 7™, e M , e„) 77^. 
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4. (Identity Axiom) Let 1 be the unit in H'(V) then 



A £2fl,0(7l 5 ■ ■ • >7n, 1) = 7T*A^ /J (7i, . . . ,7n) 

/or a// 7i S iT*(V), where ir : .A/f^n+i — > M. g , n is the forgetful morphism. 
5. (Dimension Axiom) Let Ky denote the canonical class ofV. The linear map 



(V) 



A„ „ a has the grading 



g,n,0 



A 



(V) 



2 / Kv + 2(5 - 2) dime V. 
J a 



6. (Divisor Axiom) Let a belong to H 2 (V), then 



7r * A S+i,/3(7i. ■ • • ,7n, a) = A ^ n ; i/J (7 



.7n) 



/or aZ/ 7j € ff*(V), where ir : A'lg.n+i^V) — > A'ig,™ *s the forgetful morphism. 
7. (Mapping to a point) For all 7.; G H'(V) we have 



A £2(7X," - ,7n) =P2* 



pt(n7t)Uc d (Ty^L) 



M. g ,n are t/ie canonical 



where p% : V X A4 g! „ — > V and p 2 : V x A4 9 , n 
projections, TV is the tangent bundle, L = R ir*Oc gn where Or n is the 
structure sheaf on the universal curve tt : C g , n — > -M g , n , a^d cZ = gdimcV^ 
ff/ie ranfc ofTV®L). 



These properties were first presented in [ p~8[ | and were later proved by various 
people. The theorem follows from properties of the virtual fundamental class, 
restriction properties of the Gromov-Witten classes, and the geometry of the moduli 
space of stable maps into V. (See for a summary of the proof.) 

Definition 5.2. Let 1Z denote the ring consisting of formal sums of expressions 
qP with complex coefficients, where j3 belongs to B(V), subject to the relations 
qPi+fc = q 0i q 0*. we define A$ ■ H'{V)® n H*{M gtn ,K) as 



Let A.( y } denote the collection { A g V n } and 1 denote the unit in H*(V). 

Because of these properties, the Gromov-Witten invariants form an algebra over 
the modular operad H,(A4) or, equivalently, a CohFT. We refer the reader to [[l8j 
H) for the definition of a CohFT. 

Corollary 5.3 flU). The triple (H'(V, K), rj, A (y) ) forms a CohFT with the flat 
identity 1 (over the ground ring 1Z). 

5.2. Spin CohFT. 

The CohFTs (A, TL, 77) whose correlators are constructed from classes A gtUi (3 sat- 
isfying properties 1 to 7 in Theorem 5.1 form a special class of CohFTs. There is, 
however, another potential construction of CohFTs. 
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Definition 5.4. Let r > 2 be an integer and let (7i^ r \r]^) be the (r — f) dimen- 
sional C vector space with basis {eo, . . . , e r -2\ together with a metric 

77 (r) •= r? (r) fe e 1 = S , o 

'/ m 1 .m 2 ■ '/ V c mii c m27 u mi+m2,r-2- 

Let c x l r be an r-spin virtual class on M*Jn satisfying the axioms from |l5|, §4.1]. 
Let 

be defined by 

(29) AM( emil ... 1 e m J:=r%^ m 

l/'r,m 

for all nonnegative numbers g, n such that 2g — 2 + n > where p : M g n — > Aa 9 , n . 
Finally, let A^ denote the collection {A^,}. 

In |l5[ |, following Witten p6[ , we constructed this r-spin virtual class in genus 
zero for all r and for all genera when r = 2. 

Theorem 5.5 (|Ie|, Theorem 3.8]). For each integer r > 2, the collection (A^ r \ TL^ r \ r/ r )) 
forms a CohFT with flat identity eo and is called an r-spin CohFT. 

Since the space JvCJn is associated to the r-spin CohFT and the space M g ^ n {V) 
is associated to Gromov- Witten theory, it is natural to ask if there is a natural 

CohFT associated to the space A4 g n (V,/3). The answer is yes, and this CohFT is 
closely related to the other two through the operation of tensor product. 

5.3. Tensor products of CohFTs. 

The category of cohomological field theories has a canonical tensor product op- 
eration (see |il|). 

Definition 5.6. Let (W, ?/, A') and (H",r)",A") be CohFTs. Their tensor product 
is (hi' <g> H",T}' ® T]", A), where 

a s ,„k® := (-irA' g jv{,... ,<) ua;>';,...,o 

for all t/ in W, u" in W, and (— 1) CT denotes the usual sign associated to the 
permutation 

(v[ (g) v" ) <g> • • • <8> (u£ (8) v£) i-> (g) . . . <g> v' n <g> u" <8> . . . <g> v£. 

This reflects the fact that the diagonal map M g ,n —> M-g,n x M-g,n is a coprod- 
uct with respect to the composition maps of the modular operad { H,(A4 g n ) }. 

In the case of Gromov- Witten invariants, Behrend Q proved that the CohFT 
arising from M g , n (V' x V") is the tensor product of that arising from M.g n (V') and 
■Aig,n iy") ■ When restricting to genus zero, one can view this result as a deformation 
of the Kunneth theorem. Similarly, it was shown in |l6| ] that the tensor product of 
an r-spin CohFT and an r'-spin CohFT can be geometrically realized by means of 
the moduli space of (r, r')-spin curves. To complete this picture, what is missing is 
a description of the tensor product of the Gromov- Witten theory with the r-spin 
CohFT. 

Definition 5.7. Let (H'(V, C), rjp) denote the cohomology of V together with its 
Poincare pairing rj P . Let (H^ v,r \r]) denote the tensor product of (H*(V), np) with 
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(U {r \^ r 'y). For each stable pair (g, n) and (3 £ H2(V, Z), define the (cohomological) 
correlators to be linear maps 

A g V ^:H^^H'(M g , n ,C) 

given by 

n 

(30) A<3( 71 ® e mi) ... , 7n ® e ro J = Q.[(cJ£» ]} et^) n \M l g %{V, /3)] virt ], 

z=l 

where Q : ^(V) — » A4 ff , n is the morphism that forgets both the stable map and 

l/r • 1/r 

the r-spin structure, [M g ^ n (V, /3)] vlrt is the virtual fundamental class of M gn {V), 
and 7j <g) e m! G H (v>) . 

The following theorem holds. 
Theorem 5.8. Let A^ r) : H (v > r] ® n -> H'(M g , n ,TZ), where 

13 

Let A^ ,r ) denote the collection { Ag^j r ' }. The collection (H°(V,lZ),r] : A) forms a 
CohFT ( over the ground ring 1Z ) with flat identity 1 <S> eo and is the tensor product 
of the CohFTs (k {v \H*{V,K),ri) and (A«, H {r \ rj^). 



Proof. This is an immediate consequence of Theorem 4.8. □ 



The r-spin CohFTs behave as though the elements of TiS r ^ were cohomology 
classes of fractional dimension, similar to the orbifold cohomology classes of Chen 
and Ruan ||. There is also no analog of the elements (3 in B(V) appearing in 
Gromov-Witten theory. However, the theory associated to r-spin maps into V does 
satisfy analogous axioms. In particular, this theory, like the Gromov-Witten theory, 
is of qc-type EU 02] . 



5.4. Spin Gromov-Witten invariants. 

Tl 
ants. 



The classes A^ r ^ have properties analogous to those of Gromov-Witten invari- 

Theorem 5.9. Let (g,n) be a stable pair of integers. The collection {A^ r l} 
satisfies the following properties: 

1. (Effectivity) A^J = if [3 £ B(V). 

2. (Sn-Equivariance) Each map A^ r ^ is S n -equivariant. 

3. (Degeneration Axioms) Given a basis {e M } forTi^ V ' r \ let <n^ v,r ' „„ := f}^ V { e /j,i e v) 
and (rf V ' r ^ ) denote the inverse matrix. 

(a) Let 

Prtrcc : Mk,j + 1 X Mg-k,n-j+l * Mg >n 



be defined as in Theorem 5. 1 , then the forms satisfy the composition 

property: 

^r tr oo A S(7i,72 •■■ ,7n) = 

Yj A £+ 3 l,/3i(^i'"-- nii^M V ' r)>1V ® A ff-2n-i+l,/S a ( e »'>7<j + i.-" i7i») 

01+02=0 



:!() 
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for allji G H {v ' r) . 
(b) Let 



M q . n 



be defined as in Theorem 5.1, then 

a (V.r) , , . (V.r) , 

Pr lnm A s ,„,/3(7l,72,--- ,7n) = A g-l,n+2,/3 (71,72, 



) T^J 7? 



(V,r) 



//// 



for all-fi G W (v>) . 

4. (Identity Axiom) Let 1 := 1 <8> eo, where 1 is i/ie umi m /f*(y) and eo £/ie 
um£ 0/ Ti^ r \ then 

A Si,^(7i, . . . , 7™, 1) = 7r*A^5(7i, . . . , 7 „) 

for all 7, € W^' 1 "), where n : M. g . n +i{V) — > A4 ffl „ is £/ie forgetful morphism. 

5. (Dimension Axiom) Let Ky denote the canonical class on V . The map A^^g 
0/ 2,-graded modules must be homogeneous of degree 



A 



(V,r) 



= 2 / X- v +2( 5 -2)dim c F+-(r-2)(g-l) 
Je r 



6. (Divisor Axiom) Let a ® eo belong to H 2 (V) C§) 7i' r \ i/ien 



7r * A g!n'+l,/3(7l, ■ ■ ■ , 7«, a ® e ) = A^^i, . . . , 7„) 



(V,r) , 
9,' 



a, 



/or aZZ 7i G TiS v ' r \ where tt : M g . n +i{V) — * M.g,n * s the forgetful morphism. 
7. (Mapping to a Point Axiom) 



A ^(7! 



pt(n7i)Uc d (TVKL) 



I I ti r 1 / r ' 1 
u .P* c "a.n 



V and P2 ■ V x ff ,„ — > 7W 



.</■" 



are 



for all 7^ G -ff'(V"), where p\ : V x A4 S 
ifte canonical projections, TV is the tangent bundle, L = i? 1 7r*Oc a „ where 
Oc s n is the structure sheaf on the universal curve 7r : C g _ n — > M. g , n , and 

l/r 



d = gdimc V (the rank of TV L). Finally, p : M. gn 
morphism forgetting the spin structure and m = (mi , . . . , m 



Proof. All axioms follow immediately from Theorems 4.8 and 5.1 



is the 
□ 



5.5. Potential functions and gravitational descendants. 

Recall the potential functions associated to A4 g>n (V"). 

Definition 5.10. Consider the correlation functions 

~ n 

(r Ql ( 7 i) ■ ..TaM) g ,0 := / II«' e <^ 

for all integers 01, . . . , a n > and 71, . • • , 7n in H'(V). Correlation functions such 
that some of the a* are nonzero are called gravitational descendants. 
The large phase space potential (function) associated to M g ^ n (V) is 

$W(t) : =^A 2 «" 2 $W(t) G A- 2 ^[[A 2 ]][0, 

S>0 
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where 

^ y) (t):= £ <e*p(t.r)W 

|8£B(V) 

and 

a>0 a 

relative to a basis { e a } for H'(V) such that eo is the identity. 

The small phase space potential (function), $^(x) where x = (x 1 , . . . ,x n ) 
are coordinates on H*(V) relative to the basis {e a }, is obtained from <j>( y )(t) by 
setting x a := t$ and t% := for all a > 1 and all a. 

l/r 

There are analogous potential functions associated to M gn (V). 
Definition 5.11. Consider the correlation functions 



(T 01 (7i®e mi )...T 0n (7 n <g>e mn )} ff)/3 := / r 1 " s c 1 /'-(m) 



for integers <zi, . . . ,a n > 0, 71, . . . ,7„ G -ff'OO, and e mi , . . . , e m „ G H (r) . Cor- 
relation functions such that some of the dj are nonzero are called gravitational 
descendants. 

The large phase space potential (function) associated to M. g n (V) is 
& v ^(u) := £A 2 ^ 2 $( y ^(u) G A- 2 7e[[A 2 ]][[H^ r )]], 

where 

$^)(u):= £ (exp(u.x)) 3 ,^ 

peB(v) 

and 



u • t := u a ,mT a{e a ® e m ) 



a>0 ct.m 



relative to the basis { e Q ® e m } for H^ v,r \ 

The small phase space potential (function), ^^'^(y) where y consists of coordi- 
nates {y a,m } on H'{V) relative to the basis { e a ® e m }, is obtained from & v > r '(u) 
by setting y a ' m := Ug ' m and w"' m := for all a > 1 and all a, m. 

Theorem 5.12. The small phase space potential function <f>( v ' r ' (y) is completely 
determined by the potential $^(x), the cohomological correlators {A g V n}, and 
{A&}. 



Proof. Theorem L8 shows that the intersection numbers (71 ® e TOl • • ■ 7^ ® e mn ) s>n 



are completely determined by the classes { A g V 2 } and { } if (g, n) is stable. 

We must still address the unstable cases — when (g, n) g{(0,0), (0,1), (0,2), (1,0)}. 



But by Proposition 4.3 and Definition |4.4[ , these are always of dimension zero. 

2^ / ip yt\ 2. It w\ (z^) ^~^^vL / t 111 (% ) 

Let M g „' := \[ i M gn ' where M g n ' are the connected components of 
M. g n , and let : M. g n ' (V,(3) — > yV( ffjT j(V, /3) be the morphisms forgetting 
the r-spin structure. Furthermore, let gV^n^M be c 1 / 1 " restricted to -M^'™' * and 



;S2 
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let us assume that c?-/ r ' Ta M is zero dimensional. For all 7®e := 7i®e r , 
in 7i' V ' r ' we have 



r 1 -* J (ev* 7 U c^) n /?)] 

Z^ 9,« 

i 

V c 1/r < 

Z^ 9,« 



Zv 9,« 

Z^ 9,n 

i 

Z^ 9," 

_ ~l/r,r 
Zj 9.™ 



*) r l-9 



eV7n[M^ ,m (y^)] virt 



*) r l-9 



*) r l-9 



i) r l-ff 



^ i} ev* 7 nj%[A4 fl ,„(V,/3)r 
(ev*7)p (!) n^ ) pW s , n (F,/3)] v 
^(ev^npW^CF,/?)]^) 



V" 9 deg(p (i) ) / ev*7npW s>n (y,/3)r 
V" 9 deg(p (i) )(7) ffli g, 



where deg denotes the (orbifold) degree of pu\ . This completes the proof. 



□ 



5.6. Gravitational descendants. In this subsection, we show that when g = 0, 
our constructions on A4 n (V, p) satisfy a generalization of the so-called descent 
property (introduced in (l4|). In particular, this property explicates the geometric 
origin of the ip classes (at least in genus zero) in the definition of the Gromov-Witten 
invariants of V. 

It may seem curious that M. gn (V,p) is defined to be the disjoint union of 

■M-Jn (V,/3), where the n-tuple of nonnegative integers m = (mi,... , m n ) is 
required to satisfy < r — 1 for all i = 1, . . . , n. The latter restriction, however, 
is reasonable because of the isomorphism 



from Proposition 2.15, where i = 1, ... ,n, 5i is the n-tuple whose i-th component 
is 1 and the rest are zero, and m := (mi, . . . ,m„) is any n-tuple of nonnegative 
integers. 

On the other hand, in genus zero the classes c 1/,r (m) change under this identifi- 
cation in the following manner. 

Theorem 5.13. (The descent property) Let m = (mi, . . . ,m„) be an n-tuple of 
nonnegative integers and let m = (mi,... ,m„) be the reduction of m (mod r) 
(i.e., m = m (mod r) and < mj < r — 1 for i = 1,. . . ,n). 

Let c 1 / r (m) be the top Chern class of the vector bundle i? 1 7r*£(m)* on M^'" 1 . 

The following equation is satisfied on M.J n for all i — 1, . . . , n, where Si is 
the n-tuple whose i-th component is 1 and the rest are zero: 



(31) 



-l/r 



(m + rSi) = -?*±± ^ c^m). 
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Proof. The proof is identical to the case of Ai g n in |1J]. It follows from the long 
exact sequence associated to the short exact sequence 

£ r (m.) £ r (rh + r5i) a*£ r (m) 

and the fact that 

7 I *c r~\\ m * + 1 / 
ipi := ci(cr i £: r (m)) = ipi 

r 

for all i = 1, . . . , ri, which follows from an immediate generalization of Proposi- 
tion 2.2 from □ 

l/r 1/r 

Remark 5.14. The descent property holds on both A4 0n and A4 Qn (V, (3), but 
i i r 

the tp classes on Ai Q n (V, j3) are not pullbacks of the corresponding ip classes on 

l/r 

A4 g n — just as in the case of stable maps, they differ by divisors that are collapsed 
under the stabilization map (see |2(I pll). This illustrates the fact, alluded to in 



Remarks 2.22 and 4.6, that when any m t is larger than r — 1, the class st*c 1 / r (m) 



is not equal to the class c 1 / r (m). 

The previous theorem motivates the following generalization of the small phase 
space potential function in genus zero. 

Definition 5.15. Let the n-tuples m = (mi, . . . , rh n ) and m and the class c 1 / r (m) 

t l/r,m , . , . 

on A4q n be the same as in the previous theorem 
Define the correlation functions 



(foili <g> e^J . . .f (7„ <g> e An )) ,/3 := / 1 rc 1/r (m) Y[ ev*j. 



Consider the analog of the genus zero small phase space potential 

^' r) (t)en[[x 2 ]}[[t a ^}}, 

where 

^' r) (*):= E <exp(t-T)) ,^ 

and 

a.rh 

where the sum runs over all a and all nonnegative integers to. 

Corollary 5.16. Let r > 2 be an integer. The potential functions &^' r \t) and 
$q r ^(u) are equal after making the assignment: 

( 1 \a„a 

£a,(ar+m) V J 7x a,m 

'~ [r(a - 1) + to + l] r a ' 
where a and m are nonnegative integers such that to < r — 1 and 

a 

[r(a - i) + to + l]r := JJ((r(o - i) + to + 1). 
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Remark 5.17. In p4| , a candidate class for c 1 / 1 " was constructed on M.^^ which 
was shown to obey some of the axioms in |lj|. In addition, it satisfies the de- 
scent property on M*Jn for nonnegative n-tuples m. The construction of can 
be generalized straightforwardly to A4 g:n (y, (3) to yield a class c 1 ' r (m) satisfying 
equation (|3l]) and, hence, the previous corollary for all g and n. 

5.7. The case of r = 2. 

In |l5|, [2(|, the virtual class c 1/Ar (m) when r — 2 was constructed for all genera 
and n-tuples m = (mi, . . . , m n ) with < m, < 1. It was shown that the r = 2 
case reduced to the Gromov-Witten invariants of a point. Here we show that 2-spin 
Gromov-Witten invariants are the usual Gromov-Witten invariants. 

Theorem 5.18. For a pair of nonnegative integers (g,n) and (3 £ H2(V,Z) let 

1/2 

p : A4 g n (V, (3) — * A4g t n(V, P) be the map forgetting the spin structure. For i = 
1, . . . , n, let 7j ® eo belong to H.( V ' r \ then 

Cn \ n 

cV2( ) n(e<7i) n {M'/'iV,^ = Y[(ev* 7i ) n pW a ,„(K /?)] virt . 
i=l / i=l 

Consequently, the large phase space potential functions <E>( V ' 2 )(u) and $^(t) a^ree 
a/ter setting iti"' ' = t". 



Proof. This was proved in the case where V is a point in |jq] . The same proof 
goes through here using the definition of c 1 / 1 * (which is now defined in the unstable 

range) and the fact that \m\'1 {V, /?)] virt = p* \M g , n (V, /?)] virt . □ 



5.8. Genus zero and (3 = 0. 

Genus zero Gromov-Witten invariants of V give rise to the quantum cohomology 
of V, which is a certain deformation of the cup product on H m (V). The cup product 
itself appears as the (3 = part of the genus zero potential function. Similarly, the 

l/r 

Frobenius structure associated to A4 g n (V) can be regarded as a deformation of 
the following commutative, associative product on HS V - X \ 

Proposition 5.19. Let V be a smooth projective variety and n > 3 be an integer. 
Let 7i, . . . , 7„ belong to H'(V) and eo, . . . , e r -2 be the standard basis in H.( r \ then 

(7i ® e mi ■■■In &>e mn ) g!i a = o = / c 1/r (m) / 7iU...U7„. 



A4^„ r "" J V 

Proof. This follows from the Mapping to a Point property. □ 

6. An Example: The small phase space potential for Mq^XP 1 ) 

Throughout this section let r = 3 and V = P . We will now compute its genus 
zero small phase potential function, denoted by 

X (t) : =$r 3) (t), 

where t is a set of coordinates t a ' m associated to the basis { r Qim := e a ®e m } (where 
a = 0, 1 and m = 0, 1) for US 1 " ^\ Here eo is the identity element in H'^ 1 ) and 
£\ is the element in iJ 2 (P 1 ) Poincare dual to a point. The metric in this basis is 



STABLE SPIN MAPS 



35 



The potential function can be broken into two pieces: 

X(t) = X/J=o(t) + tt(t), 

where ^ = o(t) consists of only those terms corresponding to the moduli spaces 
•Mo.nQP 1 , 0); while ^(t) contains the contributions ("instanton corrections") from 



■Mo,n(P\/3) where ^ 0. Corollary 5.19 implies that 



(32) X/3=0 (t) = ^(t ' ) 2 + W' 1 * 1 ' + ^(t - 1 ) 3 . 
Theorem |5 . Q| implies that 

(33) V(t)-^ ^ ni! na !(6/3 + 2ni-5)! < T <* T W T W 



Furthermore, Theorem |5.9| implies that the potential function must satisfy the 
WDVV equation 

m (a_L ,m+),(a_ ,m_ ) 



„(aj. ,m_i_ ),(a_ ,m_ ) 



for all mi,cti = 0,1 and i = 1,... ,4, and where the summation convention has 
been used. 

Setting (ai,mi) = (1,0), (02,^-2) = (0,1), and (a 3 ,m 3 ) = (a 4 ,m 4 ) = (1,1) in 
the WDVV equation and plugging in equation (|3^), we obtain 

+ (do.idi.odi,!^) 2 , 



where we have used the shorthand notation 



gn 



d 



Qt<x,m 



Together with the Divisor Axiom in Theorem 5.9, we obtain the recursion relations 
for (3=1 correlators 

1 



( T 0, 1^1,1 }l = g( T l,0 T l,l )l) 



and, for all ni > 2, 



3 

These collectively imply that for all ni > 1 



( T o,i T i,i )i = y< T o,i T i,i )i- 



0,1 T 1,1 A - o^*\ T l,0 T l,l h 



3(5 
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(atl\% f n l\ / 6/3 + 2ni - 8\ n ' +2 6/3'+2«i-l N , < 6/3"+2<-5 , 



,/// n l \ / 6,5 + 2ni — 8\ „' + i 6/3'+2n' 1 -3 , , ni'+l 6/3"+2ri' 1 '-3 . * 



Furthermore, the tensor product property implies that 

( T i 2 o T i,i)i = L 

Together with the Divisor Axiom, this determines all of the (3 = 1 correlators. 
If (3 > 2 then we obtain the following recursion relation for all n\ > 0: 

/ ni 6/3+2»n-5\ ni/3 2 l 6 /3+2ni-7\ 

( T 0,1 T 1,1 )P = — ^~ \ T 0.1 T l,l //9 

V"~V 6/3 + 2rl1 ~~ 8 ^ / ™'i+ 2 6j3'+2ni-l\ , n" 6/3"+2<-5 . 

/o/\2 /^ n l\ ^6/3 + 2ni - 8\ „' + i 6/3' +2i>;-3, , < + l 6/3"+2«' 1 '-3 . 

UJU' + 2n' 1 -3j (To ' 1 MVo -1,1 

6(3 + 2ni - 8 
6(3' + 2rai - 2 
3(3 + 2m -8' 
6/3' + 2nJ - 4 

where the first summation is over /?' , (3" > 1 such that (3 = (3' + (3" , and over 
n ii n '{ — such that ni = + n". Furthermore, we have defined 

Together with the Divisor Axiom, these recursion relations completely determine 
all of the n-point correlators of the theory where n > 3. 

Finally, the 0, 1 and 2 point correlators (those in the unstable range) are de- 
termined as a special case of Theorem 5.12| . The only nonvanishing correlators of 
these types are 

(n,i >i = (n,on,i )i = l- 
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